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�ى ا���������  
  ا'�&�ل $# �"ط� -

ن وا�
��ر -�
  ا'�&�ل ��) ا�
���� دا�� �دود
� ودا�� �ذر
� ودا�� ����
� وا�د�� : ( ا'�&�ل ��) ���ل -→x x(  
  &ورة -ط�� أو ���ل : ( �دا�� ��&�� ؛ �دا�� ��&�� و ر�
�� -ط�� ) -
���� دا�� ��&�� و ر�
�� -ط�� ��) ���ل ا�و�
ط
�  ��رھ�� ا�"
م  -  
- �
  دا�� ��&�� و ر�
�� -ط�� ��) ���ل � ا�دا�� ا����


��ة �  ا� �رات ا��
  دا�� ��&�� و ر�
�� -ط�� و�&ورة -ط�� و ���ل �دا�� ��&�� ��د
د   -
�ل ��ض ا����د'ت وا���را���ت أو درا�� ا��رة ��ض ا�����
ر ا�و�
ط
� �ط�
ق ��رھ�� ا�"
م  - #$  
  

!"�#�
  ا�
�%�$�ت ا�
 

 
  
I. ل��� ()
  ا,+*�ل /� � .! و ا,+*�ل 
 ا,+*�ل /� � .! .1

  : 0"�1+ ����f  ح	�
 0xو  Iدا�� ��د�� ����� ��� ��
ل �

���ا �� �I  
إذا #
ن   0x����� �" ا���!�  f �	ل إن ا��ا�� 

( ) ( )
0

0lim
x x

f x f x
→

=  


 ��" :ℝا��ا�� ا���د�� ا�%���� ���  ����f    :�1	�ل%'  

( )
( )

2 4
; 2

.2
2 4

x
f x x

x
f

 −= ≠ −
 =

�0" ا���!�  fأدرس ا)�
ل ا��ا��   2x = 

) ا���اب : ) ( ) ( )
( )

2 2 2

2 2 2 2

2 24 2
lim lim lim lim

2 2 2x x x x

x xx x
f x

x x x→ → → →

− +− −= = =
− − −

  

( )
2

lim 2 4 2
x

x f
→

= + = =  ,�0 دا��  ����� ��� :fو� 2x =  


 ��" :ℝا��ا�� ا���د�� ا�%���� ���  ����f    :�2	�ل%'  

( )
( )

3 1
, 1

1
1 4

x
f x x

x
f

 −= ≠ −
 =

�0" ا���!�  fأدرس ا)�
ل ا��ا��      1x =  

) ا���اب : )
3 3

1 1

1
lim lim

1x x

x
f x

x→ →

−=
−

  

) ��- أن :  )( )3 3 2 2a b a b a ab b− = − + +  

 : ,�)و� )
( )( )2 23 3

1 1 1

1 1 11
lim lim lim

1 1x x x

x x xx
f x

x x→ → →

− + × +−= =
− −

  

( ) ( )2 2

1 1
lim lim 1 1 3 1
x x

f x x x f
→ →

= + × + = ≠  

 ,�0 دا�� /.� ����� ��� :fو� 1x = : ��0 أو ���!�� � 1x =  

3"��+1:      ����f  ��� ����%ا��ا�� ا���د�� ا�ℝ: "�� 
%'  

( )
( )

3 8
, 2

2
2 12

x
f x x

x
f

 −= ≠ −
 =

�0" ا���!�  fأدرس ا)�
ل ا��ا��      2x =  

) ا���اب : )
3 3

2 2

2
lim lim

2x x

x
f x

x→ →

−=
−
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) ��- أن :   )( )3 3 2 2a b a b a ab b− = − + +  

 : ,�)و� )
( )( )2 2

2 2

2 2 2
lim lim

2x x

x x x
f x

x→ →

− + × +
=

−
  

( ) ( )2 2

2 2
lim lim 2 2 12 1
x x

f x x x f
→ →

= + × + = =  

 ,�0 دا�� ����� ��� :fو� 1x =  
 ا,+*�ل 
() ا����3 و
() ا���9ر/� � .! .2

) ا��ا�� ا���د�� ا�%���� '%
 ��" : ����f  ��5ط : )

( )

2

; 0
.

0 0

x
f x x

x

f


= ≠


 =

  

  أ#�4 �2.3 ا��ا�� دون ا%��1
ل ر�0 ا��.%� ا�%!��� .1

أ456 :  .2
( )

0
0

lim
x
x

f x
→
و     <

( )
0

0

lim
x
x

f x
→
<   


ذا )869؟ .3� 
  )1 ا���اب :

( )

( )

2

2

; 0

; 0

x
f x x

x

x
f x x

x


= >


 = − <


    "���( )
( )

; 0

; 0

f x x x

f x x x

= >


= − <

  

2(( ) ( )
0 0

lim lim 0 0
x x

f x x f
+ +→ →

= = =  

 ,����0 ا�.%.� ��� �����  fو� 0x =   

( ) ( )
0 0

lim lim 0 0
x x

f x x f
− −→ →

= − = =  

 ,����0 ا�.5
ر ��� �����  fو� 0x =   

�0��  ا�.5
ر �������� ��� ا�.%.� و �����  fأن   869  )3 0x =  

�0�� �����  fو��, : �	ل 0x =  

       : 0"�1+  
•  ����f  :�;ل ��� ا�
]دا�� ��د�� ����� ��� �� [0 0;x x α+ 

 <.60α ≻  
إذا #
ن   0x�����  ��� ا�.%.� �" ا���!�  f �	ل إن ا��ا�� 

( ) ( )
0

0

0lim
x x
x x

f x f x
→

=
≻

     

•  ����f  :�;ل ��� ا�
[دا�� ��د�� ����� ��� �� ]0 0;x xα− 

 <.60α ≻  
إذا #
ن   0x�����  ��� ا�.5
ر �" ا���!�  f �	ل إن ا��ا�� 

( ) ( )
0

0

0lim
x x
x x

f x f x
→

=
≺

  

 :!�;�< ����f  ح	�
 0xو  Iدا�� ��د�� ����� ��� ��
ل �

���ا �� �I  
إذا و��< إذا #
 =  �����  ���  0x����� �" ا���!�  f)�	ن ا��ا�� 

 �!��    0xو ��� ا�.5
ر �" ا���!�  0xا�.%.� �" ا�

3"��+2:      ����f : "�� 
  ا��ا�� ا���د�� ا�%���� '%

( )

( ) 3

sin 2
2, 0

1, 0

x
f x x

x

f x x x x

 = − >

 = − + ≤

     

�" ا���!�  ��� ا�.%.� و ��� ا�.5
ر fأدرس ا)�
ل ا��ا��  .1

0 0x =  

0����� �" ا���!�  fھ: ا��ا��  .2 0x  ؟=

) ا���اب : ) 30 0 0 1 1f = − + =  

1(( )
0 0 0

sin 2 sin 2
lim lim 2 lim 2 2 2 1 2 0

2x x x

x x
f x

x x+ + +→ → →
= − = − = × − =  

( ) ( )
0

lim 0 0
x

f x f
+→

= ≠  

 ,����0 ا�.%.� ��� /.� ����� fو� 0x =   

( ) ( )3

0 0
lim lim 1 1 0
x x

f x x x f
− −→ →

= − + = =  

 ,����0 ا�.5
ر ��� �����  fو� 0x =   

 ا�.5
ر �������� ��� ا�.%.� و �����  /.�fأن 869  )2

 ���0 0x =  

: ,��0�� /.� �����  f و� 0x =  

3"��+2:  ����f : "�� 
  ا��ا�� ا���د�� ا�%���� ��� '%

   
( )

( )

2 2 3, 2

3
, 2

1

f x ax x x

x
f x x

x

 = + + ≤

 += > −

     


 أن ا��ا��  �6aد ا���د ا�@�.�"%��f   "� ����� �!��0ا� 2x =   

) ا���اب : ) 22 2 2 2 3 4 7f a a= × + × + = +  

0ا���!� ����� �"   f  ��- أن : 2x =  

 ,��0��  ا�.5
ر �������� ��� ا�.%.� و �����  fو� 2x =  

اذن : 
( ) ( )
( ) ( )

2

2

lim 2

lim 2
x

x

f x f

f x f

+

−

→

→

=



=

 اذن  :   
2

3
lim 4 7

1x

x
a

x+→

+ = +
−

  

 : "���5 4 7a= +  : "���2 4a− =  : "���1

2
a− =  

 ا,+*�ل 
() ���ل .4

ل �
�	ح  دا�� f �	ل إن +�1"0 :�� ��� �����I  �����  = 
إذا #

 �!
  :# "A0x   ��I ا  

ل  دا��  f �	ل إن �� ��� �����[ ];a b  ��� �����  = 
إذا #


ل ��] [;a b  ����� و 

 �!��  bو ��� ا�.5
ر �" ا���!�  ���a ا�.%.� �" ا�
 :ا+*�ل ا��وال ا,

��د"!

  ℝا��وال ا�@�ود�� ����� ���  �
  ℝ����� ���  cosو  sinا��وال  �

 tanا��وال ا��Bر�� و ا��ا��  �C
���( ��	%�� ��� ����� 
x→ا��ا��  � x 
C
���( ��	%�� ��� ����� 


�":   �	�ل: ��
  أدرس ا)�
ل ا��وال ا�%���� #

( ) 4 6 9f x x x= − +,( )
56 7

3

x x
g x

x

−=
−

     

( ) sin 2cosh x x x= + 

  ℝ����� ���  �6ود�� اذندا��  f ا���اب :
g ر�� دا��BD اذن ��� ����� 
C
���( ��	%��  

  g @�د ��%	�� )���E ا��ا�� 
{ }/ 3 0gD x x= ∈ − ≠ℝ  

  3 0x − =   "���3x = :  ,�} و� }3gD = −ℝ  

 "�
��
} ����� ��� دا�� gو' }3gD = −ℝ  

h دا��  �����دوال  �� � 	�� ���ℝ اذنh  ��� �����ℝ  
3"��+3:    :"�
��
  أدرس ا)�
ل ا��وال ا�%���� #

1(( ) 2 16 1f x x x= − + 2(  ( ) 2

3 1

2 1

x
g x

x x

+=
− −

 3( ( ) 3 9h x x= +     

  ℝ����� ���  �6ود�� اذندا��  f )1 ا���اب :
2(  g ر�� دا��BD اذن ��� ����� 
C
���( ��	%��  

  g @�د ��%	�� )���E ا��ا�� 
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 { }2/ 2 1 0gD x x x= ∈ − − ≠ℝ
  22 1 0x x− − =

             
%��1
ل ا�%%.0
   @: ا�%�
د�� '

2a 1b  و = = 1c  و− = − 

( ) ( ) ( )2 22 4 1 4 2 1 1 8 9 3 0b ac∆= − = − − × × − = + = = >  


 أن%'  :

ن ھBه ا�%�
د�� )�G: �6.� ھ%�  

1 2

b
x

a

− + و   =∆
2 2

b
x

a

− − ∆=  

( )
1

1 9 1 3 4
1

2 2 4 4
x

− − + += = = =
×

و   
2

1 3 2 1

2 2 4 2
x

− −= = =−
×

  

   :,�1  و�
;1

2gD
 = − − 
 

ℝ
  

 "�
��
1 ����� ��� دا�� gو'
;1

2gD
 = − − 
 

ℝ  

3( h ر�� دا��BD اذن ��� ����� 
C
���( ��	%��  
{ }/ 3 9 0hD x x= ∈ + ≥ℝ  

3 9 0x + ≥  "���3x ≥ − ,�]و� [3,hD = − +∞  

 "�
��
]����� ��� دا�� hو' [3,hD = − +∞  

3"��+4:     
: �.�

ت  ا���
C�     أ456 ا�

lim cos
sin3x

x

x

π
→+∞

 
 
 

2و     

2

3 1
lim sin

4 1x

x x

x

π
→+∞

 + +
 + 

4و    1
lim

3x

x

x→+∞

+
+

  

 دا�! ا��Bء ا�*��@ .5
 : 0"�1+ �����   xدا�� ا��0ء ا��@.K ھ" ا��ا�� ا��" )�'< #: �

ℝ  �.6	ا� "G5�
���د ا��K.M ا�'n  : N�@� يB1ا�n x n≤ < +   
)'BCه ا��ا�� '
���x  0 ��0 ��	رة  )E x 

∀��CD�nت : ∈ℤ  
�  �!��و/.� �����   nدا�� ا��0ء ا��@.K ����� ��� ا�.%.� �" ا�

 �!��     ���n ا�.5
ر �" ا�
]دا�� ا��0ء ا��@.K ����� ��� ا�%�
ل  � [; 1n n + 

� ���� �./ K.@دا�� ا��0ء ا���  �!��   �n" ا�
II. :!)*
  ;�رة ���ل #�ا�! �

 ;�رة 1.4! و;�رة ���ل .1

 A!��3	رة A!�� '�ا��  •Qھ" أ� �����  

ل •�� 
Qھ" أ� �����ل '�ا�� 
 3	رة ��

  
 ��C! دا�! �
*(! ور+��! �1.4 .2


 f:  1ا����! �!A و)0ا���� �����  

[ ]( ) ( ) ( ); ;f a b f a f b=    و  [ [( ) ( ) ( ); ; lim
x b
x b

f a b f a f x
→

 
 =
 
  ≺

            

] ]( ) ( ) ( ); lim ;
x a
x a

f a b f x f b
→

 
=  
  ≻

[ و   [( ) ( ) ( ); lim ;lim
x a x b
x a x b

f a b f x f x
→ →

 
 =
 
  ≻ ≺

    


 f:  2ا����! �!A �.�A
�  ����� و)

[ ]( ) ( ) ( ); ;f a b f b f a=     و  [ [( ) ( ) ( ); lim ;
x b
x b

f a b f x f b
→

 
=  
  ≺

   

] ]( ) ( ) ( ); ;lim
x a
x a

f a b f b f x
→

 
 =
 
  ≻

[  و  [( ) ( ) ( ); lim ;lim
x b x a
x b x a

f a b f x f x
→ →

 
 =
 
  ≺ ≻

    


��ا�� �6Iد 3	رة ا�%�
ل أ�	(!: 'f :�.�
6
�� �� ا�@
Rت ا�� :# "�  

1. [ ]2;3I = )    و      − ) 5 1f x x= −  

2. [ ]5; 3I = − )    و    − ) 2f x x=   

3. [ [3,1I = [و  − [;1J = [و ∞− [1;K = ) و  ∞+ ) 1

1
f x

x
=

−
  

) )1أ%�#! : ) 5 1f x x= −  

f  �6ود�� اذندا��  ��� �����ℝ : ��� ����� اذن [ ]2;3I = −  

( ) ( )5 1 5 0f x x ′′ = − = >  ,�
و��!A و)0ا����  ���I  

( ) [ ]( ) ( ) ( ) [ ]2;3 2 ; 3 11;14f I f f f= − = − = −    

2( ( ) 2f x x=  

f  �6ود�� اذندا��  ��� �����ℝ : ��� ����� اذن [ ]5; 3I = − −  

( ) ( )2 2 0f x x x′′ = = ]Uن :  > ]5; 3x∈ − −  "���5 3x− ≤ ≤ −  

 ,�
�A.�و��( 
�!A  ���I : "�
��
  و'
( ) [ ]( ) ( ) ( ) [ ]5; 3 3 ; 5 9;25f I f f f= − − = − − =  

  

3( ( ) 1

1
f x

x
=

−
  

f ر�� دا��BD اذن ��� ����� 
C
���( ��	%��  
  f @�د ��%	�� )���E ا��ا�� 

{ }/ 1 0fD x x= ∈ − ≠ℝ  

  1 0x − =   "���1x = :  ,�} و� }1fD = −ℝ  

  ,�} ����� ��� دا�� fو� }1fD = −ℝ  

"�
��
  ��� #: ا�%�
Rت ا��
�.�: ����� دا�� fو'

[ [3,1I = [و  − [;1J = [و ∞− [1;K = +∞      

( ) ( )
( ) ( )2 2

11 1
0

1 1 1

x
f x

x x x

′′ − ′ = = − = − < −  − −
  

 ,�
�A.�و��( 
�!A 

( ) [ [( ) ( ) ( )
1

1

3,1 lim ; 3
x
x

f I f f x f
→

 
= − = − 

  ≺

  

( )
1 1

1 1

1
lim lim

1x x
x x

f x
x→ →

= = −∞
−

≺ ≺

)و    ) 1
3

4
f − = −  ,�)و� ) 1

;
4

f I  = −∞ −  

  

( ) ] [( ) ( ) ( )
1

1

;1 lim ;lim
x

xx

f J f f x f x
→ →−∞

 
 = −∞ =
 
  ≺

  

 
����( )lim 0
x

f x
→−∞

=  : ,�)و� ) ] [( ) ] [;1 ;0f J f= −∞ = −∞  

] [1;K = +∞   ( ) ] [( ) ( ) ( ) ] [
1

1

1; lim ;lim 0;
x

x
x

f K f f x f x
→+∞ →

>

 
 = +∞ = = +∞
 
  

  


��ا�� �6Iد 3	رة ا�%�
ل  :5+��"3'f  �� ��
6 :# "�  
:�.�
  ا�@
Rت ا��

1. [ ]1;2I =   [ [2;J = +∞          ( ) 4 1f x x= − +   

2. [ [2,6I 1و    =
;
2

J  = −∞  

   1
;

2
K

 = +∞  

      ( ) 1

2 1

x
f x

x

−=
−

  

0∆ ≻
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) )1أ%�#! :  ) 4 1f x x= − +  

f  �6ود�� اذندا��  ��� �����ℝ : ��� ����� اذن [ ]1;2I =  

( ) ( )4 1 4 0f x x ′′ = − + = − < ,�
f �.�Aو��( 
�!A  ���I  

( ) [ ]( ) ( ) ( ) [ ]1;2 2 ; 1 7; 3f I f f f= = = − −    

( ) [ [( ) ( ) ( )2; lim ; 2
x

f J f f x f
→+∞

 = +∞ =
 

  

( )lim lim 4 1
x x

f x x
→+∞ →+∞

= − + =−∞ :,�)و� ) [ [( ) ] ]2; ; 7f J f= +∞ = −∞ −  

2( ( ) 1

2 1

x
f x

x

−=
−


 ����� ��� اذن BDر�� دا�� C
���( ��	%��  

  f @�د ��%	�� )���E ا��ا�� 

{ }/ 2 1 0fD x x= ∈ − ≠ℝ    2 1 0x − =   "���1

2
x = :  ,� و�

1

2fD
 = −  
 

ℝ   ,�1 ����� ��� دا�� fو�

2fD
 = −  
 

ℝ  

"�
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  ��� #: ا�%�
Rت ا��
�.�: ����� دا�� fو'

[ [2,6I 1و    =
;
2

J  = −∞  
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;

2
K

 = +∞  
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( ) ( )2 2

1 2 1 1 2 11 1
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2 1 2 1 2 1

x x x xx
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x x x

′ ′′ − × − − − × −− ′ = = − = > −  − −
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3 11
f I f f f  = = =     
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2 x x

x

f J f f x f x
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<

 
 

    = −∞ =      
 
 
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lim lim

2 2x x
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f J  = +∞  
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1 1
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f K f f x f x
→+∞→

     
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 ���ھ�! ا� �H ا����.�! .3
 :!�;�< ����f  ل
����� ��  bو aو Iدا�� ����� ��� ���I  

)�@�	ر '.�  ��k:  ��د 6�.�"  )f a  و( )f b  :AUا ��� �D	�

����c   �.'a  وb  <.@'( )f c k=  

    !��
�1 :  = 
]دا�� �����  ��� ��
ل  fإذا # ];a b و

( ) ( ) 0f a f b× 
ن ا�%�
د�� >�( ) 0f x =  "� :AU96 ��� ا :G�(

[ا�%�
ل  [;a b. 

  :Iا��
�.� )�G: 96 ��� اAU: �" ا�%�
ل  �'.� أن ا�%�
د�   �	�ل: 
4 2 4 1 0x x x+ + − =      [ ]0;1I =  

)  VQ : ا���اب : ) 4 2 4 1f x x x x= + + −  

: KG�( د��
) ا�%� ) 0f x =  

f  �6ود�� اذندا��  ��� �����ℝ : ��� ����� اذن [ ]0;1I =  

( )0 1f = )و − )1 5f )اذن :  = ) ( )0 1 0f f× <  

 456 ,�
ن ا�%�
د��  ��Gھ�� ا��.- ا�	1.!.�و��( ) 0f x =  96 :G�(

]��� اAU: �" ا�%�
ل ]0;1I = 

�"  I'.� أن ا�%�
دRت ا��
�.� )�G: 96 ��� اAU: �" ا�%�
ل  :6+��"3
: �.�
  ا�@
Rت ا��

1. 1
sin 0

3
x + =      ;0

6
I

π = −  
  

2. cos x x=       [ ]0;I π=  

) VQ :) 1ا���اب : ) 1
sin

3
f x x= +   

: KG�( د��
) ا�%� ) 0f x =  

f  ��� ����� دا��ℝ : ��� ����� 0; اذن
6

I
π = −  

  

( ) 1
0 0

3
f = 1و< 1 1

0
6 2 3 6

f
π − = − + = − < 

 
)اذن:  )0 0

6
f f

π × − < 
 

  

 456 ,�
ن ا�%�
د��  ��Gھ�� ا��.- ا�	1.!.�و��( ) 0f x = 

 (I�G: 96 ��� اAU: �" ا�%�
ل 
2 (cos x x=  "���cos 0x x− =  

: VQ  ( ) cosf x x x= −: KG�( د��
) ا�%� ) 0f x =  

f  ��� ����� دا��ℝ : ��� ����� اذن [ ]0;I π=  

( )0 1 0f = )و < ) 1 0f π π= − − )اذن :  > ) ( )0 0f f π× <  

 456 ,�
ن ا�%�
د��  ��Gھ�� ا��.- ا�	1.!.�و��( ) 0f x = 

 (I�G: 96 ��� اAU: �" ا�%�
ل 
!��
�2 :  = 

ل   fإذا #�� ��� 
�!A �G.(ور  �����دا�� [ ];a b  

)و ) ( ) 0f a f b× 
ن ا�%�
د��  >�( ) 0f x  )�G: 96 و6.�ا �"  =

[ا�%�
ل  [;a b.  

  :Iا��
�.� )�G: 96 و6.�ا �" ا�%�
ل  �'.� أن ا�%�
د��	�ل: 
3 2 1 0x x+ + =      [ ]1;0I = −  

)  VQ : ا���اب : ) 3 2 1f x x x= + +  

: KG�( د��
) ا�%� ) 0f x =  

f  �6ود�� اذندا��  ��� �����ℝ : ��� ����� اذن [ ]1;0I = −  

( )0 1 0f = )و < )1 2 0f − = − )اذن :  > ) ( )0 1 0f f× − <  

( ) ( )3 22 1 3 2 0f x x x x′′ = + + = + >  ,�
  )0ا����دا�� �����   f و��!A


ل  ا���� �%[ ]1;0I = −  

 456 ,�
ن ا�%�
د��  ��Gھ�� ا��.- ا�	1.!.�و��( ) 0f x = 96 :G�( 

  Iو6.�ا �" ا�%�
ل 
�"  I'.� أن ا�%�
دRت ا��
�.� )�G: 96 و6.�ا �" ا�%�
ل   :7+��"3

: �.�
  ا�@
Rت ا��
1. 4 2 3 0x x+ − =      1

; 2
2

I  =   
  

2. 32 3 20 0x x+ + =      [ ]2; 1I = − − 

) VQ :) 1ا���اب : ) 4 2 3f x x x= + −   

: KG�( د��
) ا�%� ) 0f x =  

f  �6ود�� اذندا��  ��� �����ℝ : ��� ����� 1 اذن
; 2

2
I  =   

  

1 31
0

2 16
f
  = − < 
 

)و  )2 1 2 0f = + )اذن :  < )1
2 0

2
f f × < 
 

  

( ) ( )4 32 3 4 2 0f x x x x′′ = + − = + U1ن :  <
; 2

2
x  ∈   

  

 ,�
 ���  )0ا����دا�� �����   f و��!Aل  ا�
�%1
; 2

2
I  =   

  

 456 ,�
ن ا�%�
د��  ��Gھ�� ا��.- ا�	1.!.�و��( ) 0f x =   

96 :G�(  ل
  Iو6.�ا �" ا�%�
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2 (: VQ  ( ) 32 3 20f x x x= + +  

: KG�( د��
) ا�%� ) 0f x =  

f  �6ود�� اذندا��  ��� �����ℝ : ��� ����� اذن [ ]2; 1I = − −  

( )1 15 0f − = )و < )2 2 0f − = − )اذن :  > ) ( )2 1 0f f− × − <  

( ) ( )3 22 3 20 6 3 0f x x x x′′ = + + = + >   

 ,�
 ���  )0ا����دا�� �����   f و��!Aل  ا�
�%[ ]2; 1I = − −  

 456 ,�
ن ا�%�
د��  ��Gھ�� ا��.- ا�	1.!.�و��( ) 0f x =  

96 :G�(  ل
  Iو6.�ا �" ا�%�
III. :!)*
  ا��1(��ت 
() ا��وال ا��

  !�;�<1 : ��.�I ��	%�%ا� �%X R
��ℝ   وk   "�.�6 د��  
•  = 

ن ا��وال    Iدا��.� �����.� ��� ا�%�
ل  gو  fإذا #� 

   f g+    وf g×وk f×   ��� ����� دوالI  

•  = 
���م ���  gو  Iدا��.� �����.� ��� ا�%�
ل  gو  fإذا #( RI  


ن :  �
1

g
fو    

g
 Iدا��.� �����
ن ��� ا�%�
ل  

!�;�<2 : ����f  وg �.دا��.� ��د��  

 = 
دا�� ����� ��� ا�%�
ل  gو Iدا�� ����� ��� ا�%�
ل  fإذا #
J  <.@'( )f I J⊂   


ن ا��ا�� : �g fο  ل
   I����� ��� ا�%�

�":ℝا�%���� ���   ا��والأدرس ا)�
ل  �	�ل: ��
#  

1( ( ) 3 1 sinh x x x x= − + +  

2( ( ) ( )3sin 1h x x x= − +  

 : �'	D1أ( h �.����� �.ع دا��	%��ھ"   ���ℝ  اذن ھ" دا��
 ����� ���ℝ  

2(h �.����� �.#4 دا����ھ"   ���ℝ  ����� اذن ھ" دا�� ���ℝ  
( ) 3 1f x x x= − )و   + ) sing x x=    h g fο=  

IV. ل��� ()
  ا��ا�! ا��9J1! ��ا�! �
*(! و ر+��! �1.4 
 !�;�<1:  = 

 ��� ا�%�
ل fإذا #�!A �G.(و ر �����دا�� ��د�� 

I ن ا��ا��
�f  �.5�� دا�� :G�(  

 0���
' 
C� 0�� 1f )و����� ���   و− )J f I= : N�@(  

( )f y x

y I

=


∈

⇔( )
( )

1y f x

x f I

− =


∈

)و     )( )1f f x x− =�( )x f I∀ ∈      

)و   ) ( )1f f y y− =�y I∀ ∈  

)ا��ا�� ا���د�� ا�%���� '%
 ��" : ����f  �	�ل:  ) 3

2

x
f x

x

−=
+

  

  و�6د �Dول )2.�ات  fا��ا��  )2.�ات أدرس .1

[��� ا�%�
ل  �Af	ر ا��ا��  g'.� أن ا��ا��  .2 [2;I = − +∞ :G�(

   ��4 )@���ه Jدا�� ��5.� ����� ���  ��
ل 
�61gد ا��ا�� ا���5.�  .3  J��  ���f  :��xا��   −

) )1أ%�#! : ) 3

2

x
f x

x

−=
+

  

  f @�د ��%	�� )���E ا��ا�� 
{ }/ 2 0fD x x= ∈ + ≠ℝ  
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2

x
f x

x
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[��� ا�%�
ل  �����  [2;I = − +∞  

g  ��� 
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y
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x
y

x

+=
−

  :  ,�)و� )1 2 3
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x
g x
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2 3
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g

x
x g x
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x
f x

x

+=
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2 1

x
f x

x

−=
+

1و 
;

2
I  = − +∞  
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  fو�6د �Dول )2.�ات  fأدرس ا��ا��  .1

[��� ا�%�
ل  �Af	ر ا��ا��  g'.� أن ا��ا��  .2 [1;I = − +∞ 

   ��4 )@���ه (J�G: دا�� ��5.� ����� ���  ��
ل 
�61gد ا��ا�� ا���5.�  .3   J��  ���f  :��xا��   −

   !�;�<2:  = 

 ���fإذا #�!A �G.(و ر �����دا�� ��د��  

1fو  Iا�%�
ل   
 ا���5.� �
ن: −Cدا��  

� 1f )����� ��� ا�%�
ل − )f I  

� 1f 
 ��� ا�%�
ل  −�!A �G.(ر( )f I ا��ا�� �'

\ ر)  
Cو�f  

�� ا��ا�� @��1f �� ا��ا��  −@�� :]
�f  �G5ھ	 �%�
' 
: -.��5%��y x= -^�%� ��
��� -��� "� 

1ا��ا�� ا���د�� ا�%���� ���  ����f  �	�ل: 
;

2
I

 = +∞  
  

: "�� 
%'( ) 2 1f x x= −  

 )�G: دا�� ��5.� ����� ���  ��
ل  f'.� أن ا��ا��  .1
 J 4 )@���ه��   

�61fد ا��ا�� ا���5.�  .2   J��  ���f  :��xا��   −
3.  "�@�)أر1- ا�% )fC  ا�%%_: ���ا��f  "�@�)و ا�% )1f

C −
  

1fا�%%_: ���ا��  −   -^�
\  ا�%��- ا�%��
�� ا�%%  "�( ), ,o i j
��
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;

2fD I
 = +∞ =  

  

f ����� ل  دا��
���1 ا�%�
;

2
I

 = +∞  
  

( ) ( ) ( )2 1 1
2 1 0

2 2 1 2 1

x
f x x

x x
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f  ��� 
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 = +∞  
  

  
 ,�(1f�G: دا�� ��f  �.5و� 
ل −��  ��� �����: 
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; 0;

2
J f I f

  = = +∞ = +∞    
  

2( ( )f y x

y I

=


∈

⇔ ( )
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1y f x

x f I

− =


∈

    

   ( )
[ [0;

f y x

y

 =

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2 1

2
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1 1
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1
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x f x
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��5%�� �G5�f : -.ھ	 �%�
'
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��� -��� "�  

  

  

3"��+9:  ����f ����%ا��ا�� ا���د�� ا� : "�� 
%'( )
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21

x
f x

x
=

+
   

]��� ا�%�
ل  �Af	ر ا��ا��  gو����  [0;I = +∞  

 �6fد ��%	�� )���E ا��ا��  .1
��(J  4�G: دا�� ��5.� ����� ���  ��
ل   g'.� أن ا��ا��  .2

   )@���ه
�61gد ا��ا�� ا���5.�  .3  J��  ���f  :��xا��   −

  ا��	اب :
  f @�د ��%	�� )���E ا��ا��  )1

{ }2/1 0fD x x= ∈ + ≠ℝ  

  21 0x+ =   "���2 1x = −  "� :6 
C� \.�ℝ :  ,� و�
fD = ℝ  

2(f ر�� دا��BD اذن ��� ����� 
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���( ��	%��  
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1 1
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x x
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2 2
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2 1 2 2
0

1 1

x x x x x
g x

x x

× + − ×
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+ +
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g  ��� 
�!A ل  )0ا����
]ا�%� [0;I = +∞  

"�
��
(1g�G: دا�� ��g  �.5و' −   

ل��  ��� �����: ( ) [ [( ) [ [0; 0;1J f I g= = +∞ =  
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2 2

2 2
lim lim lim 1

1x x x

x x
f x

x x→+∞ →+∞ →+∞
= = =

+
  

3( ( )g y x

y I

=


∈

⇔ ( )
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1y g x

x g I

− =

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[ [0;1

f y x

y

 =


∈
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x

y
=

+
  "���( )2 21x y y+ =  

 "���2 2xy y x− = −  "���( )2 1y x x− = −  "���2

1 1

x x
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x x

−= =
− −
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x
y

x
=

−
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x
y
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= −

−

  ��- أن :  �]و'%
 أ  [0;1y ∈  

�	4D و��, :  yاذن : 
1

x
y

x
=

−
 :  ,�)و� )1
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g x

x
− =

−
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1
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−
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V. !ر �3 ا��+�!  دا�Mا��n   :  
1. :!��
� 

 ��.�n م���� �./ 
.�.Gط 
  ��دا  3@.@
:ا��ا�� :   nf x x→ و و)0ا��� �����ل  �

 ��� ا�%��!A[ [0;+∞  

)و     )0 0f )و = )lim
x

f x
→+∞

= +∞  

 �G(ا�� ��ر Bدا�� ��5.� )5%� دا�� ا�� :G�(  إذنn    

 : 0���
' 
C� 0��  وn  

nا���د  x  �G(ا�� ��ر B5%� ا���n  د����x   

: 
� و���
0

nx y

x

 =
 ≥

⇔
0

ny x

y

 =


≥
  

2.  :NO�*<n ∗∈ℕ  و  m ∗∈ℕ 
• n nx y= ⇔x y=   x +∈ℝ  وy +∈ℝ  

• n nx y≥ ⇔x y≥   x +∈ℝ  وy +∈ℝ  

• ( )n
n x x=  x +∈ℝ  

• nn nx y x y× = ×    x +∈ℝ  وy +∈ℝ  
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n

n
n

x x
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• n m n mx x×=     x +∈ℝ   

• n m m nx x× =     x +∈ℝ 
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